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Abstract 

Group structures of the 2-primary components of the 31-stem homo- 
topy groups of spheres were studied by Oda in 1979. There are, however, 
two incompletely determined groups. In this paper, our investigation with 
Toda's composition method gives structures of them. 

1 Introduction. 

Wc denote by tt^ the direct sum of the torsion-free part and the 2-primary 
component of the fc-th homotopy group 7rfe(S'") of the rt-dimensional sphere 5". 
The group tt^ was studied by Toda [M] with his composition method, and several 
authors 13 O IHl HH] followed the method. In particular, Oda [TU] investigated 
the 2-primary components of fc-stem homotopy groups for 25 < fc < 31. There 
are, however, two incompletely determined groups in 31-stem: Trfg and irli. 

We denote by {xi, . • . , Xn} a group generated by elements xi, . . . , Xn- If the 
group is isomorphic to a group G, it is denoted by G{xi, ■ ■ ■ ,Xn}- For the group 
Z of integers, wc set Z„ = Z/nZ, and let (Z„)'^ be the direct sum Z„ © • • • ©Z„ 
of fc-copies of Z„. Let E: n"^ ^ ""fc+i be the suspension homomorphism, and 
let P: TT^"^^ TT^ be the P- homomorphism which is denoted by A in |14j. We 
use generators of homotopy groups of spheres in the same symbol as defined in 

[HElElEllTo]. 

Oda [TDl Theorem 3(c)] showed 



t|q = Z2{(J<)Si(i} © Z2{o-9Aii60-33} ffi Z2{cr90-ig} ® Z2{Sg(T33} © 
^3 



Zi6{a3^} © Gi{iy9iyi7K2o} 



(1.1) 



and 

^1? - Zs{Pa;^} © ZieiEa'/} © GsIk^q, -^10^34}, (1-2) 
where Gi is Z2 or 0, and G2 is (Z2)^ or Z4. We mention that equations 

P{V19K22) = l^9t^l7'«20 and P(t^2ia'24) = (5100-34 (1-3) 

are obtained in [TUl IIT(10.3), Proposition 4.7(6)]. We denote by [xijX2] the 
Whitehead product of xi and X2! and by t„ G ttJJ the homotopy class of the 



1 



identity map on 5". Since PE'^x = ^Vmi^n] o X for an element x G ""fe" ^ 
(see [11 Proposition 2.5]), we have PE''+^x = ±[i„,t„]£;"x = ±['-«,-Ex] for 
an element x ^ '^k~^- Then images of elements by P are frequently written as 
Whitehead products. For example, the equations of (11.31) are identical with 

[Lg,VgRl2] = iygVl7K20 and [/-10,1^100-13] = '5ioCT34- (1-4) 

Signs are unnecessary because 2Pgh'nk2o — and 2(5iocr34 = 0. 

The purpose of this note is to determine the groups (|l.ip and (|1.2p . Our 
results are stated as follows. 

Theorem 1.1. (i) [/,9,z^9Ki2] = i^9i^i7K2o = and 

7r|o = Z2{agSie} © Z2{cr9/2i6cr33} © Z2{o-90-i6} © Z2{(590'33} © "^wiai^}- 
(ii) [tio,i'ioo-i3] = '5ioa'34 = 2k^o and 

To show Theorem 11.11 we use Toda's composition method which requires 
generators of homotopy groups. In Section 2, we describe some relations of 
generators. Section 3 gives details of our investigation concerning ttIq. The 
structure of 7r|j' is obtained in Section 4. 

At the end of this section, we recall [T4j Proposition 4.2]: there exists an 
exact sequence 

. „2n+l P. n E n+1 H 2n+l P. n E n+1 . 
^ ^k+2 ^k ^k+1 T^fc ^ • • • , 

called the EHP sequence, where H be the Hopf homomorphism. 

2 Recollection of some relations. 

We use notations in [TT and properties of Toda brackets freely. We know 



2?72 = [t2,t2], HI Proposition 5.1]; (2.1 

V3Vi = i''v6, mv5^{Ev')im = [iA,mi [H (5.9), (5.11)]; (2.2; 

V5r]%^[i5:i5l [11(5.10)]; (2.3; 

2a^-Ea' ^±[Li,isl [11(5.16)]; (2.4 

r]gaio + cr9»7i6 = [^g, tg], [II Lemma 6.4, (7.1)]; (2.5' 

r/7CT8 ^ V7 + £j + cr'r/M, y^gfJw = i^g + eg, [H Lemma 6.4, (7.4)]; (2.6^ 

?73£4 = £3^/11, [11(7.5)]; (2.7; 

64^^12 = [t4,t4]i^7, [11(7.13)]; (2.8; 

v<iVg = VQeg^29QVii^[LQ,vl], [H (7.17), (7.18)]; (2.9; 

2a?5 = [ti5,ii5], [11(10.10)]; (2.10: 



2 



ssfii = 0, (Tiieis = 0, I'ecru — 0, [HI Lemma 10.7]; (2-11) 

V6K7^ee, K97723 =£9, [11(10.23)]; (2.12) 
i^so-gi^is = ?75e6, £3 = eai^ii = '73e4 = s^Vis, [13 Lemma 12.10]. (2.13) 
By (HH) and (pUj) . we have 

V9O-10 = {^9 + £9)0-17 = vgan + £90-17 = 0. (2-14) 
We recall [H (7.19)]: 

a'vii — xviUiQ for some odd integer x. (2.15) 

Then (|2.4p gives 2aQUxQ = xvgai2- Since 80-91^16 = 81^90-12 = (see [TH Theorem 
7.3]), we have 

Ugai2 = ±2ct9J/i6 (2.16) 

and hence, by [Ml (7.21)], 

vwaiz = 2crioJ^i7 = [tio, ??io], criii/18 = [tn, tn]. (2.17) 
Similarly, we obtain 

C9O-20 = ±2o-9Cl6 

because (t'C,u = xQtcfis. for some odd integer x (see pHl Lemma 12.12]) and 
8CT9C16 = 8(9^20 = (see [g Theorem 12.8]). The relation and [14, (12.25)] 
imply 

Cioo-21 = 2(TioCi7 = [tiOiMio]- (2-18) 
By [H Propositions (2.2) (5), (2.2) (6)] and [H (7.25)], we have 

775C6 = 0, Ce??!/ = J^6M9 = 8[t6,i6](7ll. (2.19) 

By [21 Lemma 5.12 and Remark], 

[Vn, Vn+l,rin+i} = t'^ for 71 > 5, (2.20) 

and hence, by € [vq, £9 + 1>9, criyji (see [H P- 138]), ([^ . (P?T5|) and (PTT)) . 

»75CT6 e ??5 o {l^6,£9 + ^'9,cri7} 
= ??5 o {t^6,'79CTl0,Cri7} 
= -{??5, l^6,?79Crio} o (718 

3 -{775, 1^6,%} ° CTii = -t'lcTii = -a;j/5(£;(T')j/i5Cri8 = 
mod 7751^6 o 77^5 + 775 o 71-^8 ° 0-18 

for some odd integer x. Here, -q^VQ = by (|2.2p : 775 077^8 = {Tysl^e, i6]o-ii} by [Til 
Theorem 7.6]. By ([^ and by relations 77^ = 4i/5 and 2j^| = (see [HI (5.5), 
Proposition 5.11]), we have t^^Ilq^lq] = [775,775] = [i^5,i^5]V9 = '^5vi 4//| = 0. 
This implies 775 o 77^g = 0. Thus 

775(76 = 0. (2.21) 
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We know [71 Lemma 16.1, p. 50]: 

7ri° =Z8{Atio}®Z8{/3'}, (2.22) 

where 

^/3' = 0'e23, Hp'^Cw and 2/3' = ±[/,in, Cio]- (2.23) 

By [12 Proposition (2.6) (2)], v^e' = {Ea')ei5 or {Ea')vi^. Then E{vrP') = 
v%9'£2z equals {Ea')e\r^ or {Ea')Pi5e23- Here, 

= V9S10 = i'9cri2J^?9 = (2.24) 

by (Pl^ and (PT7|) . Furthermore, uqEu = by [H Proposition (2.8) (2)]. 
These imply E{vjI3') = and 

1/7/5' = (2.25) 
because E: tt^o — Trfj^ is a monomorphism. On the other hand, E{/3'asQ) = 
0'£23CT3i = by (EUD and i?(/3'(73o) = Ci9'^30 = by ^M- Then /^'ago £ 
ker£; = Z4{Pi/JJ (see [TUl Theorem 2(a)]) and /S'crgo G keri?. Since 77Pz/2*i = 
±2iyig (see [HI Proposition 2.7]) and i^^g is of order 8 (see iJJj Theorem 12.22]), 
we have kei E n kerif = 0, that is, 

/3V30 = 0. (2.26) 

By [5J the proof of Lemma 3.2], we have {EX')ri3oa3i = (i?C')%of3i — 0. 
Since 

7137 TTgl is a monomorphism, [TUl I-(8.17)], (2.27) 

the relations give 

A'r?29fT30 = e'??29fT30 = 0. (2.28) 

We may show (|2.28p by the same way as [Bj without (|2.27p . 
We show the following lemma. 

Lemma 2.1. /I3K20 — 0. 

Proof. Since p.3 e {m3i 2ii2, 8cti2}i (see [HI p. 136]), we have 

M3«:20 G {Ai3, 2ti2, 8o-i2}i o K20 = Ms o -B{2tii, 8crii, kis} C ^3 o ^^^133. 
Then ttH = {crupig, enKig, 1/110-14} (see [3 Theorem B]) gives 

M3K20 e {M3O-12Pl9,M3£l2'«20,M3i^l2O-i5}. 

By [ini Ill-Proposition 2.6(1)], the element fJ.3cri2Pi9 is equal to 0. Since 773^4 = 
A*3^i2, A<3ei2 = ??3A*40'i3 mod 2e' (see [HI Propositions (2.2)(2), (2.13)(7)]), and 
Kio is of order 2 (see [131 Theorem 10.3]), we have 

M3£l2'«20 = ?73M4a'i3K20 = M3'7l2O'l3'«20 Hiod (2e')K20 = e'(2K2o) = 0. 

Then /i3ei2K2o = M377i2i^i3£''^A = 0, as crioKn = i^ioX (see [TUl I-Proposition 
3.1(1)]) and by ([l^)- By relations ^sJ^i 2 = i^'veSj (see [12 Proposition (2. 2)(4)]), 
(|2.7p and (|2.2ip . we have M3J/i2(Ti5 = i^'rje^r^is = ^'^qtIiaO'iz = 0. Thus 
Ai3K20 = 0. □ 
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3 Proof of Theorem [QflT 



In this section, we shall show the following theorem. 

Theorem 3.1. a'5i4 = vjiyi^Ki^ mod <j' a' ftiia^i . 

By ((2^ . E^{a'Sii), E'^{cr'a[i) and E'^{a' fiua^i) are equal to 2(Jq5iq, 2aga[Q 
and 2agpie0'33, respectively. By these elements are 0. Then Theorem 13. II 

gives S'9i^i7K2o — 0: it is suffice to show Theorem 13. II to obtain Theorem II. l|ti)[ 

Lemma 3.2. {v^rj^Q—O. 

Proof. In this proof, we refer to the Bott periodicity theorem [1 : if fc + 1 < n, 
7:^(50(71)) is isomorphic to Z2, Z2, 0, Z, 0, 0, and Z for fc = 0, 1, 2, 3, 4, 
5, 6 and 7 mod 8, respectively. For a sufficiently large n, we have Cn = J(,ni 
where C^i is the generator of iTii{SO{n)) = Z and J: iTii[SO{n)) — 7r„-|_ii(S'") 
is the J-homomorphism. A Toda bracket {C^i, ?7ii, 1^12} C 'KiQ{SO[n)) = Z2 is 
well defined because ^7711 e 7ri2 (S'O(n)) = and rj^VQ = 0, by By ^(TW^ 

and 7ri4 (50(71)) = 0, we have 

{C,f?ii,i'i2} or/ie = -(C ° {mi, 1^12, ms}) = -On e T:ii{SO{n)) o = 0. 

By [H Lemma 2], r/J'e ■ ''^ie,{SO{n)) — 7ri7(S'0(n)) is an isomorphism, and hence 
{C^, 7711, 7^12} = 0. Then, by [S| Lemma 5.1], we have 

{C,n,-nn+ll,Vn+l2} 3 (- 1)" J{C'„ , 1^12 } = 0. 

Therefore, groups 7r| = and Trfg — (see [111 Proposition 5.9, Theorem 7.7]) 
shows that (C, 77, v) — {v, ri,() 3 mod o Trfg + 7r| o ^ = 0. □ 

Toda brackets {i^g, ?79, Cio}i, {?7io, Cn, '''22} and {Cii, cr22, 20-29} are well de- 
fined: 7^6??9 = by dZSD; 775C6 = by (121:91) : Ciio-22 = by (l2l8l) : and 2cr?6 = 

by mm . 

Lemma 3.3. {7/6,779,(10} 3 C mod 7^667, 2C' a«rf {I'y, ?7io, Cn} 3 cr'viiSis mod 

?77£8- 

Proof. By [TU Proposition 5.9, Theorem 7.7], we have nfi — {Ptia}, 7rj2 = 0, 
7r^+i3 = {uni^n+7} foi' = 9, 10 and ii'Trfi = 7r22. The last equation implies 
that the Toda bracket {i/q, rjg, Cio} is equal to {vq, rjg, Cio}i- The indeterminacy 
of We , V9, Cio} is 7^6 o Trfa + t^ii o = {i^ecrQi^fe, -PCis}- Here, T/ecrgi^ig = ?76e7 by 
(|2l3l) and PCi3 = ±2C' by O (12.4)]. The indeterminacy of {i^7,mo,Cii} is 
obtained in the same way. By ()2.3p . we have Pin = I'srjs and hence the kernel 
of P: nil ~^ ^9 — '^2{i^5V8} (see [lU Proposition 5.8]) is generated by 2/,ii. 
Then an equation 

i/{t'6,779,Cio}i = -P^^it^aVs) ° Cii = {aCii I a is odd} 
is obtained by the use of p[4!i Proposition 2.6]. Since ttjI — Z8{Cii}, 7rf 
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ZsiC'} © Z2{M6cri5} © Z2{?76e7}, and = (n mod 2Cii (see [H Theorems 
7.4, 12.6, Lemma 12.1]), we have 

H^^{a(ii I a is odd} = {bC + c^e^is + driver | 6 = I, 3, 5, 7, c = 0, 1, d = 0, 1}. 
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This yields 

{^'6,?79,Clo} 9 C' + C^6CTl5 

for c = or 1, because the indeterminacy of {ve, ijg, Cio} is {rjeSr, as above. 
Therefore, relations E^' = a'rjueis and 2ei5 = (see [TH (12.4), Theorem 7.1]) 
give 

{l^7, ?7io, Cll} 3 -£'{^'6, r/9, Clo} 3 --EC' - C^70-16 = Cr'?7i4ei5 + C/i7Cri6- 

By p.4[) . we have E"^ {a' rjii^ei^) = 0-97716 o 2ei7 = and hence {v.-qX) 3 c^ia. 
Since fia = afi (see [HI p. 156, Theorem 12.16]), Lemma 13.21 leads to 
c = 0. □ 

Lemma 3.4. 1/7 o {??io, Ciii (^22} = and {7710,(11:^22} ° cso = 0. 
Proof. By Lemma 13.31 we have 

1^7 ° {VlQ, Cll, ^^22} = -{{l^T, VlO, Cll} ° 0-23) C {(T'77i4ei5, VtSs} o (723- 

Then and 

£3^X18=0, '6', (2.4)], (3.1) 

give the first half. By (fOSj) . {7710, Cii, 0-22} C Zs{fiio} (SZs{l3'}. We have 7^7^10 
is of order 8 by [H Theorem 1.1(a)], and 7/7/?' = by ([2:251) . Then the first half 
shows {7710, Cll, ^22} C Zg}/?'}. Hence, by p.26p . we obtain the second half. □ 

By Lemma 13.41 we may consider the Jacobi identity: 

{{t^r, mo, Cll}, 0-23, 20-30} + {7/10, Cll, 0-22}, 20-30} 

+ {l^7,?/l0, {Cll, 0-22,2(729}} 3 0. 

As a preparation, wc show the next lemma, which is followed by observations 
of Toda brackets in (13.21) . 

Lemma 3.5. nl^i o 20-31 = and v-j o 7r|g — 0. 

Proof. Since irli = (^2)^ (see [6l Theorem 1.1(b)]), the first half of the lemma 
is obvious. The group TTgg is obtained in [lOl Theorem 2(b)]: 

TflO = Zs{F^^H ® M'^to) ® Z2{crio7^r77^35} ® Mi^wiiis} © Z2{eioKi8}, 

where i^;^*^'' £ {Fi, 8130, 20-30 }i for -^i £ {-P'-2i, 77ig, e2i}i (see [9, Definition 
3.18]). Since Fi = x^' for some odd integer x (see [101 I-(2.1)]), ([^T^ and 
the first half lead to 

vjFi^'' & V7 ° {xl3', 8630, 20-30} = -{v7, xP', 87.30} o 2a3i C TrJ^ o 20-31 = 0. 

By ([^1^ and ([^Tfl) . 

7^7CTlO = O-V14CT17 = 0. 
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Since i/*^ G {cie, 2(723, i^3o}i (see [HI p. 153]) and 

{i^i3, CT16, 2CT23} = ?13 + y(A + 2^13) 

for some odd integer y (see [lOl I-Proposition 3.4(8)]), relations (|2.10p . (|2.17p 
and ^121^30 = crf2 (see HDJ Il-Proposition 2.1(2)]) yield 

1^131^1*6 e 1^13 o {(T16, 2(723, ^^30} 

= -{t^l3,0-i6, 2(723} o J^31 

= (-63 - y(A + 2^i3))t/3i ^ (7i^3 - yXi^3i, 



and hence, by (I^TB . (I^TTI) . (7'£;A = mod 4£;20" (see [H n-(6.4)]) and 2z^; 
(see [Ml Proposition 5.11]), we obtain 
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l'7O-10l'r7J^35 = 0-Vi4J/i7J/35 = (7'((7j*4 - y {EX) 1/32) 1^35 = 0-'(£;A)i^32 EE 

By 



mod 4£;20" o jyf2 = o 4j/|2 = 0. 



'38 

Lemma 3.6. {1^7, x, 2(73o} /(^r x e {?7io, Cii, 0-22}- 



Therefore, every element which is composite of generators of TTgg and z^y is 0. □ 



Proof. The indeterminacy of {i^y, x, 2(73o} is trivial by Lemma 13.51 We may take 
X = x/3' for some integer x from the proof of Lemma By ^lOj Theorem 3(c)] 
and (|2.26p . we have 

{1/7, x/3', 2(73o} - {i^7, 2^/3', ^30} ° 2i38 e 2^J8 = {2a'^'}, 

and hence {:/7, a;/?', 2ct3o} = ^ya'^ for some integer y. By (|2.23p and £^^61' = 
(see [m p. 80]), we have 

2yE'^a':^' = £^{177, a;/?', 2(73o} £ -{i^i2, 0, 2(735} = ^^12 o + nH o 2(736- 

The Toda bracket —{vi2, 0, 2(735} vanishes because TTgg = (22)* (see [51 Theorem 
1.1(b)]), j/12 o 7r]| = {j^i2£i5K23} (see [TUl Theorem 2(b)]), and z^i2ei5 = by 
((2:9)) . On the other hand, 2yE^a'^' = AyE^ai^ mod E^Tr^^ o (735 (see [lOl IB- 
Proposition 3.4]). Here, the group £^"^7733 o a^e has three generators 6120-3^, 
P'12'^29 ^i^d a'i2<^3G (see pi pp. 34-35]), each of which is by [lOl Ill-Propositions 
2.6(1), 2.6(5)]: 

^3(72Q = 0, 5-7(731 = and (5ii(735 = 0. (3.3) 

Therefore, we have AyE^a^'^ = 0. This yields 

{z/7,a:/3',2(73o} = 2yct^" = 0, 

since E^af^^ and ofg" are of order 16 and 8 (see [lOl Theorem 3(c)]), respectively. 

□ 
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Lemma 3.7. {x, ^23, 2ct3o} = cr'?7i4(/'i5 /or x G {^^7, ^yio, Cn}- 

Proof. By Lemma [3.3[ x = c'?7i4£i5+2;'77£8 for some integer x. By Theorem 
2(2)], we have cr'r/i4ei5 = cr'Tlii^ie + ViSs- T^i^^en x = cr'ril^crie + {x + l)r]7es and 

{X, <^23, 2(730} C {cr'?7l4Cri6, ^23, 2f73o} + {(x + 1)77768, ^^23, 2cr3n}. 

By (I2l3l) and (l2Tf)) . 

{?y7e8,cr23, 2f73o} = {j^7CTl0l'?7,^23, 2f73o} D 1^7 o {cri0i^f7i ^^23, 2(T3o} 

mod h'TCTlQl^il O TTgg + TTg]^ O 2tT31. 

By Lemma |3.5[ we have i/j o {ctj^qj/^^, (T23, 2cr3o} C ;^7 o TTgg = and 

1^7(7101^17 o 7733 + 7731 o 2(731 C t^7 o 7733 + 7731 O 2(731 = 0. 

These give {{x + 1)777£8, (T23, 2(T3o} — 0. On the other hand, we have 

{(t'77i4CT16, 0-23, 20-30} ^ Cr' Tju O {r^istTie , (723 , 2(730 } 9 cr' rjucjji^ 

mod a'rjl^aie o ttH + nl^ o 2(73i 

since {jygcrio, (7i7, 2(724} 9 '/'g (see [TOl I-Proposition 3.4(5)]). Lemma [331 p.l3p 
and the above equation a'rji^ei^ = cr'rif^aie + t/tSs yield 

o-'Viif^iG ° TTgl + 7731 o 2(731 = ((7'77i4ei5 - lyro-ioiyfi) o 773I (7'77i4ei5 o 773I. 

Then the indeterminacy is trivial because 77|g = {p23,e23} (see ^IM Theorem 
10.10]), £5^13 — (see [10, I-Proposition 3.1(4)]), and ?73£4£i2 = £3?7ii£i2 = 
by (|2.7|) and (|2.24[) . Therefore, we have {(j'r]i^(Ji6,cr23,2(J3o} = cr' r]i4(j)i5 and 
this completes the proof. □ 

Lemmas 13.61 and 13.71 simplifv ()3.2p as follows. 

CT'jyw^is e {j^7,f7io,{Cii, 0-22,2029}}. (3.4) 

Next, we investigate the Toda bracket {i^7, 7710, {Cii, 0-22, 2(729}}. The following 
lemma extends [U Lemma 3.5]. 

Lemma 3.8. {Cii, <722, 2(729} — i^ii^n i 2t"' + xauais for x = or 1. 
Proof. We consider an inclusion 

{Cll, 2(722, (729} ^ {Cll, (722, 2(729} "lOd Cll O 77^^ + 77^^ O a^Q- 

The groups 77|| = {^22, £22} and 77^^ = {A'7729, f'%9, ^n, Cn} are obtained in 
[H Theorems 10.10, 12.23]. Since C11P22 = mod 877^^ (see [H LProposition 
3.5(7)]) and 77;^^ ^ Zs (S {^2)^ (see [11 Theorem 1(b)]), we have Cii/522 = 0. 
We also have Cii£22 = Cii?722K23 = by ((2l^ and ((23^ . Thus Cii o 77|^ = 0. 
Moreover, we obtain 773^0(730 = 0: \'rj2Q(Tzo = C'»y29(730 = by (12. 28^ : 010(729 = 
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by [ini I-Proposition 6.4(6)]; and (naao = by [TUl I-(8.14)]. This implies that 
{Ciij 2tT29} equals {Cii, 2tT22, cr2g} and consists of one element. Therefore, we 
examine the Toda bracket {Cii, 2cr22, <J29} below. By [101 the proof of I-(8.22)], 
we have -ff{Cio, 2cr2i, cr28}i — Ht" and hence 

{Cio, 2(721, o-28}i C t" + kciH = t" + {2r",crioCTi7,Kioi^3o,i'?o'«i6,?7ioAi3,ii} 

by [ini I- (8. 12), (8.13)]. Then a relation iinvi^ = i^h'^ir (see [lOl I-Proposition 
6.4(7)]) shows 

{Cll:2cr22,cr29} = --E{ClO, 2(721, Cr28}l 

e -Et" + {2Et", cTiiCTis, i^iiKiT, 7711/^3,12}- 

By [ini I-(8.18), Theorem 1(b)], 2t"' = -£;t", t'" is of order 8, and cthctis, 
v\iRn, ?7ii/i3,i2 are of order 2. Then {Cii, 2(722, (729} is written as 

{Cll: 2(722, (729} = ±2t"' + a(7llCTl8 + bvfj^Kn + C?7ll/i342 

with coefficients a, &, c, each of which is or 1. Since (714(721 = and E^{2t'") = 
-E^t" = AE'^T^^ = (see ^ I-Proposition 6.4(10), (8.22), (8.24)]), we have 

(C, 2(7, Cr) = fez^^K + C77/i3,* e TTjg. 

Here, 7r|g = liiv'^R] ® 'L2{rl^l^,*} by [H Theorem 1(b)] and (C, 2(7, cr) = 
((7, 2(7, C) = i^^'t by [2j Theorem 1]. Thus h — \ and c = 0: the proof is 
completed. □ 

We recall the definition and a property of (7g e ttjq from [6j (3.8)]. 

CTg e {i^6,?79,0-io}3, 2CTg = 0. (3.5) 

Lemma 3.9. {vi.Vio^x} = vjVi^Ris, mod a'a[^ for x e {(11,0-22, 2(729}. 

Proof. By Lemma [3.81 x has the form vf^Kn ± 2t"' + xauais for a: = or 1. 
Then there is an inclusion 

{•^7, Vio, x} C {1^7, mo, vliRn} + {j/7, 7710, 2r"'} + {j/y, 7710, xanam}. 

Notice that v-jott^ — 0, ■k\2 — and vr^g = by Lemma [3751 and [Ml Proposition 
5.9, Theorem 7.6]. Since 

e {I'e, 779,1/10}, p. 53], (3.6) 

we have 

VlVlbRlS. e {i^7,f7lO,'^ll}o'^15'«18 C {v7,r]lO,vfiKij} 

mod 7^7 O TTgg + TT^j ° '^12'^18 = 0- 

By (1123, a relation 2tii o r'" = 2r"' holds, and hence 
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{VT, 7710, 2t"'} D {v7, 7710, 2iii} o i;T"' C ttI^ o i;T"' = 

mod V'j o 7r3g + 7r^2 o 2Et"' = 0. 

By (HU, (EISl), (imi) and (1531) . 

{i^7,?7io,criia-i8} C {i^7,?7l0O-ll,O-i8} 
D {i^70-io,'7i7,a'i8} 
D ya' o {z^i4,?7i7,o-i8} 
3 cr'CTi4 mod 7^7 o vTgg + TrJ^g o g-j^g = 

for some odd integer y. These imply {1/7, 7710, J^fiKi7} = ^72^15^18, {1^7, 7710, 2t"'} = 
and {7^7, ?7io, cruais} = a'a'^^. □ 

From Lemma 13.91 and p.4p , we have 

0'''7i4'/>i5 = i^7J^i5'«i8 mod Cr'CTi4. 

Since 774^5 = (^4 mod /i40'2i, {Ee')Ki4 (see [TOl I-Proposition 3.5(9)]), 

cr'(5i4 EE 1^77/15^18 mod tT'CTi4,cr'/li4Cr3i,(T'(i?"£')K24- 

Here, E'^^e' = ±2viAan = by [H (7.10)] and (|2Tf| . Furthermore, we obtain 
o-g = CTg mod P(63)?729, i^eo-gKie by |8| Lemma 4.5]. Since t/scthkis = -P(7/i7K2o) 
(see [51 (5.11)]), we see that CTq = iig. This completes the proof of Theorem 13. II 

4 Proof of Theorem ll.lj(ii) , 

According to [TOl the proof of Ill-Proposition 3.3(2)], 

{kIO + 8x0-10, 2/,24,»y24} 9 0, {2t23,'723,0-|4} = (4.1) 

and kJo is a representative of a tertiary composition 

{kIO + 8x0-10, 27.24, ?724, O-jgll, 

where a; is an integer satisfying that {^n, 2t25, ?725} = a;crii/^i8- It holds that 
[ini in-(10.5)]: 

2k*o e {eio,??25,o'26} mod P(7/2io-24) and 2k*o = X(5io034 for a; = or 1, 

where (5ioo-34 = P{i'21&2a) = [tio, ^^loo-ia] by dO]) and (HH]). 

We denote by Af" = S'""^U2t„_i e" the Z2-Moore space, 7„ : S''-^ M" the 
inclusion map, and p„ : Af" S*" the collapsing map. Let ?)„ G 7r„-|_2(.M^"^^) 
be a coextension of for 77 > 3. Notice that r]n G TTn+2{M"^^) ^ Z4 is a 
generator satisfying 

p„+i77„ = 77„+i, 277„ = 7„+i77,^j and 77„ e {7„+i, 2t„, 77„}. (4.2) 
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By (P?T|) and (|2.14l) . a Toda bracket {2411,7711,(712} C TTjy is well defined. 
Since n^^ = Zalan/iis}, 7r|| = Zajwaa} ©Z2 {0-23^^30} (see [Ml Theorem 12.16]) 
and E^"^: ttI^ -> 7r|| is a monomorphism, (|4.ip implies {2411,7711,0-12} — 0. 
Then gives 

ryiiCTia G {ii2, 2tii, 7711} 00-^3 = -(^12 o {2tii, ryn, 0-12}) = 0. 

By (|4.ip . there exists an extension kiq + 8a:criQ £ [AP^, S^°] of kiq + 8a;crio such 
that Kio + Sxa^Q o 7724 — 0. Thus, we may define a Toda bracket 

(kio + SxctJo, 7724, 0-26} 13. 

Hereafter, Kiq is chosen as a representative of this Toda bracket. 

Lemma 4.1. k5;q = {kiq + Sxcr^g, 7724, cr|6}i3 and 2k^o = £:{£9, 7/24, o-|5}i2. 

Proof. Notice that {eg, 7724, cri5}i2 is weU defined by ^J^ . (pHl) and (g^ll)- 
The indeterminacy of {kio + Sxaf^, 7724, CTjg} 13 is 

Kio + 8a;cr2o o £;1V28(M12) + tt^o o ct^^. (4.3) 

If the group is trivial, the first half is proved. Moreover, the triviality shows the 
second half since (li^ . (P?T|) and (pi^ give 

2kio £ {«^io + 8a;fTio, ?724, cr26}i3 ° 2t4i 

C {kio + 8x0-^0, 27724, 0-26} 13 
= {kiq + Sxa^Q, 725?y24' 0-26}l3 
3 {k10?724,?725,O-26}i3 
= {eiO,f?25,CT|6}l3 

mod Kio + 8a;CT^o o i;"7r28(M^^) + ttI^ o ct^^. 

Therefore, we shall prove the group (|4.3p to be 0. 

By [Ml Theorem 12.17], we have tt^^ = {crio^yiTMis, 1^10^^131 Mio}- Then ttIj o 
trly = because /^3cri2 = by [H (2.9)], 

K7(T21 = (4.4) 

by [lOl Il-Proposition 2.1(2)], and /23(t|o = by (pTS]) . 

Let e 7r„(A/", S"'"^) be the characteristic map of the 7i-cell of Af" and let 
j: (A/",*) (Af",5'"-^) be the inclusion. By [H Theorem 12.16], we know 
that 7rji_|_ig(S'") = Z2{cr„/i„-|_7} for n = 11,12. Then, by % (2.7)], there is a 
split exact sequence 

^ g^l7(5") 7r28(Afl^ 5") ^ ^28(^'') ^ 0, 
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where Q: 7ri7(5'") 7r28(Af^^, 5*") assigns to x G 7ri7(5'") the relative White- 
head product [ipi2,x], and the kernel of Q is (2tii* o E~^^ o H)tt29{S^^) C 
27717(5'"). Since 7ri7(5") = Z2{i^?J (see [HI Proposition 5.11]), the kernel of 
Q is trivial, and hence 7r28(M^^, S^^) — 1'2{[fi2, ^^n]} © ^2{x} for an element 
X G Pr2*(c^i2Aii9)- Notice that d[<fi2,iyfi] = [2iii,j/^J = [tii,2i^^J = and 
dx = 2crii/iig = 0, where d is the connecting homomorphism tt28{M^'^, S^^) — 
7r27(S'^^). So, by making use of the homotopy exact sequence of a pair (Af S^^), 
we obtain 

^28(Ml2) = {Xl, X2} + «12*^28(^"), 

where xi G jT^X C Vr2Uf^i2/^i9) and X2 G j:^^[(pi2,'^fi]- We have 

Pl2*j*(??llPl3) = Pl2'7llPl3 = ?7l2Pl3 = 0'i2/il9 

because 0-12^^19 — V12P13 (see [HI Proposition 12.20]) and by (|4.2p . Thus, we 
may take xi = 'yiiPia- Since j*Ex2 — E'[Lpi2,i>1i] = for the relative sus- 
pension E': 7r28(Mi2,S'") ■K29{M^^ , S^"^) (see [HI), £:x2 is contained in the 
kernel of : tt29{M^^) 7r29(M", ^i^), that is, Ex2 G ii3*7r29(S'i2). There- 
fore, (|4.3p is a subgroup of 

{kio + 8x0-10 o r)24P26} + Kio + Si-CTiQ o i?"^^(ii3*7r29(S'^^)). 

From the definition of kio -|- Sxct^q, we have kiq -f Sxct^q o 7724^26 = 0. By the 
fact that i;i2^29(S'^^) = '^2{e*2i) © Z2{cr24?73iM32} e Z2{;^24'«27} © Z2{/224} (sce 
[H Theorem 12.17]), 

nw + ^xal^oE^^{h^,n29{S^^)) - («io + Sxci^o) o ^12^29(5'') 

= ^100^1^29(51') 

= KlO o {£24; 0'24'73lM32, I^24K27, M24}. 

By equations (|2.12p . ?/i3Wi4 — 6*3 (see [TH Proposition (2.13)(1)]) and 

£3^18 = 0, [101 in-(9.5)], (4.5) 

we have Kioe24 = '«io'724W25 = £io'^25 = 0. We also have kioO'24%iM32 = by 
(|4.4p . A relation ^71^21 = v^kiq (see [T^ Proposition (2.13)(2)]) and Lemma 
13.51 give KioJ^24'«27 — '^ioKi3 G E'^[vj o 7r|g) = 0. By [14, Proposition 3.1] and 
Lemma l2.1[ K10M24 = /iio'^27 = is obtained. Therefore, (|4.3|) is trivial. □ 

We know vn = {vn, 7720, 2^21}, 77^2 = '^2{o-9Viq] and agvl^^ o V22 = crgz/fg ^ 
(see [m Lemma 6.2, Theorems 7.7, 12.6]). A Toda bracket {29, 1^17, 7720} C ^22 is 
well defined by p.Sp and p.3p . Since {eg,vi7, r]2o}°i^22 = — (£9o{i'i7, ?720, 1^21}) = 
eg Pi 7 and 

£9i>i7 = 0, (4.6) 

by (|TT7)1 and ^J^, we have 

{e9,i'i7,?y2o} = 0. (4.7) 
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Lemma 4.2. {eg, z/u, crigig = and {eg, eiy, cr^gjg = {eg, 7724, crfglg consists of 
one element. 

Proof. By (PTT|) . (I^TM)) and {eg, 1^17, algjg and {eg, ei7, crlgjg are well 

defined. Well-dcfincdness of the remaining Toda bracket {eg, 7724, cl^jg is stated 
in the proof of Lemma |4?T] The indeterminacy of {eg, P17, crfslg is Cg o E^tt^i + 
TTjg o crlg, which is the same as that of {cg, C17, (T|5}g. Here, 

= {2pi7,i^l7'«20,</'17} 

and 

7^26 = {cr9?7l6Ml7, t'9«:i2,A'9,'?9MlOO-ig} 

by [51 pp. 24-27] and [TH Theorem 12.7], respectively. The group eg o E^n^^ 
is trivial: eg o 2pi7 = 2eg o pi7 = as eg is of order 2 (see [TH Theorem 7.1]); 
e9z/i7 = by dill); and eg(/)i7 = by [lOl Ill-Proposition 2.6(1)]. We also have 
Trfg o cr|g = in the same way that tt^y o cr|7 = is proved in Lemma 14.11 Then 
the two Toda brackets consist of one element. 

By p.6p . we may set i/g = X1X2, where xi is an extension of and X2 
is a coextension of viq with respect to "qg. Let CP^ be the complex plane, 
ic- S'^ CP^ be the inclusion and pc ■ CP^ — > S** be the collapsing map. By 
(|4.7I) . we obtain 

eg£;"xi ££90 {^^17, »72o, E^'^pc} = -({£9, ^^17, '720} ° E^^pc) = 0. 
By the fact that {?]„, Vn+i, <^n+4} = for n > 11 (see jS] Lemma 4.1(2)]), 

(£'^X2)o-16 e {^^^ic,??!!, ^^12} o cri6 = - (-E^ic o {?yil , ^^12 , ClS }) =0. 

So, we have 

{£9, 1^17, 0-25 jg = {eg,i;"(xiX2),<725}9 

= {eg£;"xi,^^"x2,a|5}9 = {0,£;"X2,^25}9 = 0. 

This leads to the first half. 

Since 65 = {z/|, 2(,ii, 7711} (see [H (7.6)]), we may set es = Xs^ii, where X3 
is an extension of with respect to 2tii. Since C5 = {es, i^^g, 2tig}i (see [101 
Ill-Proposition 2.3(5)]), we have 

e5i;^X3 e 85 o E{l^^2''^^lS,Pl8} = {£5,'^?3'2tl9}l OP20 = £5P20- 

Therefore, 

{£9,£l7,0-25}9 = {£9,£'^^(x3ryil),0'25}9 
= {£9^^^^X3,?')23,0'i5}9 
= {£9P24,?723,Cr25}g 

G {£9, f?24, crj^jg mod Cg o E^ttH + Tr^g o a^e- 

Here, E^ttH = {cl;24, cr24M3i} by [H Theorem 12.16], egi:j24 = by (|4?5l) . and 
egtT24A*3i = by (|3.ip . Then the indeterminacy is TTag o crlg, which equals as 
above. This leads to the second half and completes the proof. □ 
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By [51 (3.5)], S3 is an element in {^3, en cri9}i. Since E^tt24 = EttIq = 

{(Tiifiis} (see [m Theorems 12.6, 12.16]), the indeterminacy of the Toda bracket 
coincides with that of {£3, en + vu, cri9}3. Then ^3 e {£3, en + i^n, (Ti9}3, and 
hence, by Lemma 221 

Sgdzs £ {eg, ei7 + i^l7, 0'25}9 o 0-33 
C {e9,ei7 + j>i7, 0-2519 

= {eg, £17, CTjalg + {eg, 1^17, crld}^ 

= {e9,'724,CT25}9. 

This gives Sga^s = {eg, 7724, cisjg- Therefore, by Lemma [4. 11 we have 

2k*o = £;{e9, 7724, Cr|5}i2 C £;{e9, 7724, crfglg = (5l0CT34- 

This yields the assertion of Theorem ll.]|(ii)[ 
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